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Abstract: The starting point in the calculation of normal 

displacement due to transient heating is the Green’s function 

for the elastic half-space. Superposition principle leads to a 

triple integral (double integral over surface and simple 

integral over time) that can be formally re-written as a three-

dimensional convolution product. Given the singularities of 

the Green’s function in the time/space domain, it is more 

convenient to employ its spectral counterpart, i.e. the 

frequency response function (FRF), in the convolution 

calculation. A special technique for the calculation of the 3D 

convolution product based on the FRF is advanced in this 

paper. The resulting algorithm is very efficient from a 

computational point of view, as the transfers to and from the 

time/space domain to the frequency domain are handled by 

the fast Fourier transform. A simulation example is 

presented, involving the transient thermoelastic 

displacement due to a uniform heat source that vanishes 

everywhere except for a square surface domain, and which 

is applied continuously only in a limited time window. The 

numerical results predict that the displacement increases 

with time as long as heat is supplied, and is gradually 

recovered once the heat is removed. The loaded half-space 

patch undergoes a growth-release process that is accurately 

captured by the simulation method. The developed 

framework anticipates the solution of the contact process 

with transient heating. 

Key words: thermoelastic displacement, transient heat, 

three-dimensional convolution, fast Fourier transform. 

 

1. INTRODUCTION 
 

The relative motion of the contacting surfaces in a 

mechanical contact causes frictional heating and 

thermoelastic displacements that modify the contact 

geometry and therefore disturb the pressure 

distribution computed according to an isothermal 

contact model. Whereas in some situations the heat 

generation can be assumed as a steady-state process, 

transient surface heating is more challenging from the 

point of view of model complexity, but in the same 

time more realistic for engineering scenarios. 

Many dependencies in engineering systems can be 

expressed as convolution products. Finding a way to 

numerically compute convolutions for arbitrary input 

has been the subject of important research efforts, 

especially in Contact Mechanics, in which the number 

of analytical solutions is limited to a few.  

The efficient calculation of a convolution product 

supports the development of iterative schemes for 

problems that lack analytical solutions. With the rapid 

calculation of convolutions, engineering scenarios 

considered otherwise unsolvable due to prohibitive 

computational effort found rapid solution through 

numerical approach assisted by the spectral methods. 

At the heart of these methods stand the convolution 

theorem and the fast Fourier transform (FFT), which is 

a very efficient algorithm to calculate the discrete 

Fourier transform. Review papers of the various 

applications of the FFT in Contact Mechanics can be 

found in [1,2]. The pioneering works of Ju and Farris 

[3] and of Ju and Farris [4] anticipated the method 

potential for both contact problems and thermoelastic 

solutions for moving heat sources. Their work was 

continued and extended in numerous directions. 

Various methods for numerical simulation of the 

mechanical contact were advanced [5-12], capitalising 

on the method ability to speed up the displacement 

calculation. The stress calculation in elastic half-

spaces, either homogeneous or in the presence of 

eigenstrains, also benefitted [13-15] from FFT 

integration and support. 

Another important application of FFT is in 

thermoelastic modelling. Liu et al. [16] advanced a fast 

method for the computation of the normal surface 

displacement due to arbitrary transient surface heating. 

Liu and Wang [17] solved the three-dimensional 

thermomechanical contact of non-conforming rough 

surfaces. Liu et al. [18] advanced a novel set of 

frequency-domain functions for computation of 

temperature distributions and thermoelastic 
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displacements in moving bodies. The transient 

thermoelastic stress fields in a material subjected to 

frictional heating were studied by Liu and Wang [19]. 

Martini et al. [20] proposed a transient, three-

dimensional solution for the normal surface 

displacement of an elastic half-space due to an 

arbitrarily distributed, moving heat source and surface 

convection. 

This paper advances a very efficient computational 

method for the calculation of normal displacement at 

the boundary of an elastic half-space due to an 

arbitrary transient heat flux. 

 

2. HEAT CONDUCTION EQUATIONS 

 

For many engineering scenarios, solids of arbitrary 

profiles can be idealised as half-spaces for the 

calculation of the displacement field induced by 

surface tractions (e.g., pressure) or heat flux. This 

assumption is reasonable when heat is supplied to the 

solid over a finite area, such as the contact area 

established in the concentrated contact between bodies 

of dissimilar profiles.  

Thus, the starting point in the model development is 

the displacement solution for a point source of heat 

located on the half-space boundary. Further on, due to 

the linearity of heat conduction equations, the body 

response to arbitrary distributions of heat can be found 

by superposition of solutions for point sources. A 

similar technique has been successfully applied in 

Contact Mechanics for the displacement due to 

arbitrary pressure, obtained by superposition of  

half-space solutions for point forces [21]. The 

solutions for unit point stimuli are referred to as the 

Green’s functions, and are a counterpart of the unit 

impulse response in digital signal processing.  

For heat conduction phenomena, the half-space 

assumption implies that the temperature gradients are 

large only in a small vicinity of the heated region, 

which can be considered as approximately plane. 

Moreover, global temperature changes in the bulk of 

the bodies do not significantly affect the thermal 

stresses and displacements in the considered heated 

regions. These assumptions are well adapted to 

concentrated contacts with frictional heating, in which 

the contact area that transfers heat is small, and the 

clearance in the non-contacting regions acts as an 

insulator. An elastic half-space is reported to a 

Cartesian coordinate system with two axes contained 

in its boundary and the third one pointing in the depth 

direction. A transient heat flux ( , , )q x y t    applied on 

the surface, depending on the position on the half-

space boundary ( , )x y   and on time t , causes a 

temperature rise in the half-space ( , , , )T x y z t   , 

which in its turn leads to a displacement field 

( , , , )ku x y z t , 1,2,3k  , given by [16,22]: 
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 (1) 

where   is the Poisson’s ratio of the half-space 

material,   its linear thermal-expansion coefficient, 

ij  the Kronecker delta, and  
,k

f denotes the partial 

derivative of f with respect to the direction k, with 

,k x y  or z.  

This displacement field has components along all three 

directions, but for contact problems the normal 

displacement (i.e., aligned with the depth direction) is 

of interest because it dictates the shape and size of the 

contact area, as well as the pressure distribution. By 

taking 3k   and 0z   in (1), the normal displacement 

results as: 
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(2) 

On the other hand, the temperature rise in the half-

space ( , , , )T x y z t   , caused by the heat flux 

( , , )q x y t  , can be expressed as: 
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(3) 

with   the material diffusivity, expressed in 
2m s ,  

and K its conductivity, in W (m K)  . Equations (2) 

and (3) can be combined into a 3D convolution product 

relating the displacement to the heat input: 
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    (4) 

whose kernel (or Green’s function) ( , , )G t   , 

expressed in terms of the distortivity (1 )d K    

and with the substitutions x x   , y y   , 

t t t   ,  takes the following form:  
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From a computational point of view, the classic 

evaluation of (4) and (5) implies the treatment of 

singularities by truncation of convergent series [23]. 

The convolution calculation in the frequency domain 

may present itself as a more convenient approach. To 

this end, Liu et al. [16] have expressed analytically the 

Fourier domain counterpart of equation (4), by taking 

the triple Fourier transform (FT) of each term. If 

( , , )x y t    are the angular frequencies for directions 

( , , )x y t , equation (4) takes the following form in the 

frequency domain: 

 ( , ,0, ) ( , , ) ( , , ),z x y t x y t x y tu q G           (6) 

in which each “~” symbol denotes the application of 

FT to a dimension, amounting to two space dimensions 

and one temporal dimension. It should be noted that, 

when transferred to the frequency domain, a 

convolution operation reduces to a simpler element-

wise product, according to the convolution theorem. 

This remarkable feature suggests to perform the 

numerical calculation of (6) instead of (4). Although 

computation of (6) require the additional transfer of 

the convolution terms to the frequency domain, and of 

the convolution result from the frequency domain back 

to the space/time domain, it is still the more convenient 

method. For the general case (referred to as transient - 

instantaneous in [16]), when: 

 ( , , ) ( ) ( ) ( ),q x y t x y t         (7) 

with   the Dirac delta function, the Fourier transform 

of the Green’s function, also known as the frequency 

response function (FRF), can be expressed as:   

 

1

22
( , , ) 1 ,t

x y t
t

idi
G w w


  

 

  
        

 (8) 

where 2 2 2
x yw     and 2 1i   . It should be noted 

that, for the steady-state case, when the heat flux does 

not depend on time, i.e., ( , )q q x y  , but ( )q q t , 

by taking the limit t , the FRF (as a function of 

the spatial coordinates) becomes: 

 
2( , )x yG d w    , (9) 

which is consistent with other analytical results from 

the literature [21].  

A computationally efficient method for the evaluation 

of the three-dimensional convolution (4) through the 

element-wise product (8), based on the convolution 

theorem and on the FRF (8), is presented in the 

following section. 

 

3. COMPUTATIONAL TECHNIQUE 

 

The main idea of the proposed method stems from the 

convolution theorem, which states that a convolution 

in the time/space domain, in this case the one given by 

equation (4), can be evaluated in the frequency domain 

by the multiplication of the transformed convolution 

terms, as shown by equation (6). The calculation result 

is first obtained in the frequency domain, but can then 

be transferred back to the time/space domain, where 

the rest of the problem model is solved. The 

multiplication in the equation (6) is clearly less 

computationally intensive than the convolution itself, 

but additional calculation effort is needed to obtain the 

Fourier transforms of q and G, as well as the inverse 

Fourier transform of zu .  

As the goal of this paper is to achieve a method capable 

of displacement calculation for arbitrary heat input, 

numerical methods are employed. The continuous 

problem model is substituted by a discrete one. As 

equation (4) relates the surface displacement output zu  

directly to the heat input q, which is also a surface 

parameter, only a two-dimensional grid is needed in 

the half-space boundary, encompassing the (surface) 

region through which heat is supplied. In order to 

benefit from the computational advantages of the 

spectral methods, the imposed grid must be 

rectangular and uniform (although the step can be 

different in magnitude from one dimension to the 

other).  
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For every elementary patch, a single scalar is retained, 

so that every continuous model parameter is 

substituted by an array, i.e., a piece-wise constant 

approximation of continuous distributions. In case of 

equation (4), the convolution terms q and G depend on 

two spatial dimensions and on one temporal 

dimension, thus their discrete counterparts are three-

dimensional arrays. Thus, although the spatial grid is 

only two-dimensional (a surface grid), the transient 

model feature adds the time dimension, and the 

convolution becomes three-dimensional. If 

x y tN N N N  is the total number of discrete points in 

the time-space discretization, the computational effort 

for the calculation of convolution in the time/space 

domain by classic computation of (4) is of order 
2( )O N , whereas equation (6) amounts to a more 

convenient ( )O N , to which the cost of the transfer to 

and from the frequency domain must be added. The 

latter cost is of order ( log )O N N  when using 

performant algorithms such as the fast Fourier 

transform (FFT). Applying FFT to three-dimensional 

array is straightforward and involves computing the 

one-dimensional transform along each of the three 

dimensions. Thus, the global advantage of convolution 

calculation in the frequency domain according to 

relation (6) is a reduction from 2( )O N  to ( log )O N N

.  

Aliasing issues affecting the calculation result were 

observed [13] when the described method was applied 

in the calculation of displacement due to an arbitrary 

pressure input. A more in-depth analysis of the method 

error was conducted [13]. A so-called periodicity error 

was identified when discretization and FFT were 

applied to non-periodic problems. The error source is 

the implicit assumption taken when FFT is applied to 

a discrete series, that the series comes from a periodic 

distribution. Practically, the convolution calculation in 

the frequency domain is the result of periodical 

distributions, which may affect precision as the 

computed output also contains contributions from the 

neighboring spurious periods of the input. Various 

methods were proposed [5,7-9,12] to reduce and 

control this method error.  

The algorithm proposed in this paper takes advantage 

of state-of-the-art techniques for FFT application to 

Contact Mechanics, reviewed in [2]. The algorithm 

flow-chart consists in the following steps: 

1. Establish the mesh parameters in the time/space 

domain, i.e., the domain lengths xL , yL , tL , resulting 

in the mesh intervals m m mL N  , with , , .m x y t  

2. The reduction of aliasing in the frequency 

domain implies an increase of the resolution in the 

frequency domain, which can be achieved by 

extending the domain lengths xL , yL , tL , while 

keeping the mesh intervals constant. The side lengths 

in the extended domain are ,m mL L , , ,m x y t  

whereas the numbers of grids increase accordingly 

m mN N  to conserve the step intervals. By 

numerical experimentation, the interval for the 

recommended   value is between 4 and 12.  

3. Generate the mesh in the frequency domain, 

associated to the mesh in the time/space domain. The 

Fourier domain in each direction is centred around 

origin (zero frequency) and has a length of 2 m  , 

while the mesh interval is 2 mL , with , , .m x y t  

4. Obtain a discrete approximation of the FRF by 

evaluating expression (8) in each point of the 

frequency domain grid. The result is a three-

dimensional array ijk , with 1 ,xi N 1 ,yj N

1 tk N , that replicates in the frequency domain, the 

convolution term related to the Green’s function. It 

should be noted that this method bypasses integration 

of the Green’s function (5), which exhibits 

singularities and has infinite limits for integration. 

5. Acquire (or discretize) the heat input in the initial 

domain, obtaining a three-dimensional array ,ijkq

1 ,xi N 1 ,yj N 1 tk N . Add zeroes (also 

known as zero-padding) in all directions to express the 

heat input in the extended domain, ,ijkq 1 ,xi N

1 ,yj N 1 tk N . 

6. Apply FFT to ijkq  three times (in each 

direction), resulting in a counterpart in the frequency 

domain ijk , 1 ,xi N 1 ,yj N 1 tk N : 

 ( ( ( )))FFT FFT FFT q  . (10) 

7. Obtain the Fourier transform of displacement   

by element-wise product, according to equation (6): 

ijk ijk ijk    , 1 , 1 , 1 .x y ti N j N k N   (11) 

8. Obtain the displacement in the time/space 

domain by inverse FFT applied in the three 

dimensions: 

 ( ( ( )))u IFFT IFFT IFFT  . (12) 

The three-dimensional array of displacement values 

obtained from (12) has x y tN N N  elements (matching 

the extended computational domain), but precision is 

guaranteed only for the central x y tN N N  values, 

corresponding to the initial target domain.  

Discretization of the FRF in step 4 of the proposed 

algorithm involves singularities when evaluating in the 
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origin of the frequency domain for the time angular 

frequency, i.e., when 0t  . For the investigated 

problem, the entire slice 0t  , i.e., a matrix with

x yN N  elements, cannot be computed by direct 

substitution of discrete frequencies ( , , 0)x y t   

into relation (8). Such singularities were also found in 

the contact problem of layered materials, and were 

dealt with in the following manner [5,13]: the missing 

samples were substituted by the average value of the 

FRF over the elementary patch on which the 

singularity was encountered.  

This approach relies on numerical integration to find 

the three-dimensional integral of the FRF over an 

elementary cuboid of side lengths equal to the mesh 

steps in the frequency domain, thus having a volume 

(2 ) (2 ) (2 )x y tV L L L     . Consequently, the 

samples in the matrix corresponding to the slice 

0t   should be calculated as: 

 

( , ,0)

yutu xu

x y x y t

t y x
ijk

G d d d

V

    



    



  
, (13) 

where tt L  , tu t  , ( )x i xx L   , 

( ) , ( ) , ( )x i y j y j
x y y

xu y yu
L L L

  
        ; 

( )x i  and ( )y j  are the discrete frequencies 

corresponding to the ( , )i j  element in the 2D matrix 

(slice) corresponding to 0t  . Matlab function 

integral3 exhibited no convergence issues with the 

default absolute and relative tolerance parameters and 

with 8   in all three dimensions. This method of 

substitution was demonstrated [5,13] to have a high 

precision and therefore was implemented in the current 

method as well.  

A calculation example of the displacement induced by 

a transient heat flux is reported in the following 

section. 

 

4. SIMULATION EXAMPLE 

 

The transient thermoelastic displacement caused by a 

uniformly distributed heat source is simulated with the 

proposed numerical technique. The heat source is of 

type (7) (i.e. transient – instantaneous). In order to 

neglect the material thermoelastic properties, which 

are material constants, displacement is normalized by 

the distortivity d and time by the diffusivity  . As this 

is an academic calculation example, the units of 

measurements will be omitted for brevity. The heat 

source is released in a normalized time period, and 

vanish everywhere except inside a square: 

1, if ( 2 2) ( 2 2) (0 0.5)

0, otherwise

x y t
q

         
 


(14) 

The simulation domain is a cuboid of side lengths 

8 8 1  , where the first two dimensions are for spatial 

localization and the third one for time, i.e., 0 1t  . 

A uniform mesh is established in the latter domain, and 

the convolutions calculations in the frequency domain 

are performed with an 8 times increase of resolution in 

the frequency domain, thus 8   in step 2 of the 

algorithm.  

The two-dimensional displacement fields predicted for 

0.5t  , i.e., when the heat source is removed, and for 

1t  , i.e., at the end of the simulation window, are 

depicted in figures 1 and 2. The variation of 

displacement along the x-direction with time is 

depicted in figure 3. Only half of the spatial domain 

was retained due to problem symmetry with respect to 

the y-direction. 

 
Fig. 1. Iso-contours of the displacement field (2 )u d  

predicted for 0.5t  . 
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Fig. 2. The displacement field predicted for 1t   (the 

end of the simulation window).  

 
Fig. 3. Displacement profiles along x-coordinate, as a 

function of time. 

 

As the z-direction of the Cartesian coordinate system 

was chosen to point into the half-space, the negative 

sign of displacemement suggests that the half-space 

grows when heat is liberated at its boundary, which is 

consistent with the general theory of heat conduction. 

The protuberance increases with time as long as heat 

is supplied. When the heat is released at 0.5t  , the 

growth process stops and the deformation is gradually 

recovered, but extends beyond the limit of simulation 

window at 1t  .  

This example shows the method ability to replicate the 

transient displacement of a half-space due to arbitrary 

transient heat. Integration with other engineering 

problems such as the mechanical contact with 

frictional heating is intended for future studies.  

 

5. CONCLUSIONS 

 

This paper advances a numerical method for the 

calculation of transient thermoelastic normal 

displacement due to arbitrary heat input liberated at the 

half-space boundary. The method employs heat 

conductions equations derived in the Fourier transform 

domain, which are simpler to handle computationally 

than their time/space domain counterparts. The 

convolution theorem brings additional computational 

gains, by replacing the computationally intensive 

convolution product in the time/space domain with a 

simple product in the frequency domain. Whereas 

previous applications of the convolution theorem to 

normal displacement calculation resulted in two-

dimensional convolutions, the transient model feature 

adds the temporal dimension, resulting in a three-

dimensional convolution. 

The algorithm uses the analytical frequency response 

functions derived in the literature, and bypasses 

tedious integration of the Green’s functions in the 

time/space domain. Singularities in the frequency 

domain are handled by replacing the missing samples 

with the mean value of the frequency response 

function on the attached elementary domains. 

A simulation example predicts the transient 

thermoelastic displacement due to a square heat flux 

transferred in a limited time window. The numerical 

results show the growth-release progression of the 

heated half-space boundary. 

The derivation of this method is expected to enable the 

study of the mechanical contact while dealing with 

complicated transient thermomechanical effects.  
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